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20, (Cont'd)

bmethods can also be used to solve nouasymptotically stable diffcrential equations since
they are a generalization of Linear Multistep (LMS) methods, \)

“This report presents a detailed formulation of NLMS methods and discusses a
FORTRAN V computer package specifically developed to implement NLMS methods.

The package, also available in ANSI FORTRAN, is presently operational on Univac 1108,
IBM 360/370, and CDC 6600 computers. Several desirable features are included in the
computer program, namely, a fixed or variable step size, self-start, a selection of
characteristic polynominal coefficients, predict-and-correct m times, and

the inclusion of LMS methods, Whenever matrix A is a function of t, a periodic de-
composition technique is empldyed, Otherwise, a decomposition technique can be
selected by the user., Nonline tistep methods and their associated features
constitute a powerful means for solvig initial value problems of stiff, nonstiff, linear,
and nonlinear ordinary differential equations, The validity of NLMS methods has been
proved theoretically while the effectiveness of the computer program will be supported
by the numerical evidence to be presented. .
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NUMERICAL SOLUTIONS OF INITIAL VALUE PROBLEMS

1. INTRODUCTION

To solve nonstiff differential equations, the conventional Runge-Kutta
and linear multistep methods are typicnlly employed. These conventional
methods are impractical for solving stiff equations because prohibitively
small step sizes are required for accuracy. To overcome this difficulty,
nonlinear multistep (NLMS) methods can be applied; NLMS methods have
been shown to have advantages over existing stiff methods. It is desirable
to be prepared with a variety of effective methods for handling both stiff
and nonstiff equations. The search for such an efficient program will
probably never end. To be effective, a package must be reliable, easy
to modify, and convenient to use. In addition, other features are
desirable. To satisfy these needs, the NLMS method was developed. It is
now known that strongly stable NLMS methods are consistent and, therefore,
convergent, The complete theory of NILMS methods has been published. 1

This report will first outline some preliminary considerations and
assumptions and then describe the formulation of NLMS methods along with
the various built-in features. Since the principal objective was to solve
stiff equations, variable-order techniques were not utilized because NLMS
methods of all orders were considered to be effective.

The various features are described and {llustrated by problems.
A section of numerical results describes the selection of these problems from
well-known sources, categorizes them in various classes, and then
summarizes their characteristics in tabular form. Various NLMS methods
are applied to solve these problems with given initial values. The computed
solutions are next compared with exact solutions. The computational accuracy
Is measured mainly by relative error, which will be defined in the next sec-
tion. An error of 10-10 ig used as an upper bound to acceptable performance
In test examples. Numerical results are printed out to eight significant
digits, The User's Guide is intended to help the user become familiar with
the Inputs. To assist in this objective, the way to start a problem with
various sample setups is described within each test problem. Only
FORTRAN V inputs are deacribed since ANSI FORTRAN inputs are made
optional to the user. The usage of a few user-supplied or optional sub-
routines 18 also described within each test problem, which exercises various

e e e Ao o
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options. Programs were originally written in FORTRAN V language and
checked out on the Univac 1108 computer using double-precision arithmetic
by means of the EXEC 8 operating system.

These programs are also available on IBM 360/370 and CDC 6600 in
FORTRAN. A version of the program is made available in ANSI FORTRAN,
where the external and the adjustable dimensions were purposely eliminated.
Detailed operational descriptions of the IBM and CDC machines are not in-

cluded. In the appendix, a program listing of both FORTRAN V and ANSI
FORTRAN are given.
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2. PRELIMINARY CONSIDERATIONS

In this section, we define the problems under consideration, give the
norm used for comparison, and state some assumptions.

1. Let us consider the initial value problem of a system of first-
order ordinary differential equations of the form

y' =fty)s yt)=y,: 2.1
which can also be written as

'= Ayt (t' ); t )=
y “Aytgly : yt)=y i,

in the region R, defined by ~w<a St€b<w ; |Y]|<e. The matrix Ais

nonsingular, either a constant or a function of t. We assume that our initial
value problems satisfy the conditions required by the existence and uniqueness

theorem; therefore, f and g both satisfy a Lipschitz condition with Lipschitz

constants L* and L, respectively, and f is continuous in R.

2. Subject to the consideration 1., we consider only first-order
equations. This is not a restriction because higher order equations can always
be decomposed into a system of first-order equations. Equations that are
stiff, nonstiff, linear, nonlinear, homogeneous, and nonhomogeneous are all
taken into consideration. We regard every problem as a system of equations.

3. Let Y, be a computed solution vector and YE be an exact solution

vector. The norm used here to measure the error is defined as follows:

= = : .3
lyl = Lim llyll, = mpx |y, @.3)
We define the relative error E to mean
(yi) - (yi)
max c E (2.4)
E= .
E
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In the event that an absolute error i

definition:

max
E=
i

s considered, it possesses the following

v) - @) (2.5)
v, Ig

s
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3. FORMULATION
The linear multistep methods of step K can be expressed by2
K K
(3.1)
o Y = h Z ﬁ ' + )
iz=:0 i 7n+ = i n+

where aK o, | a)| +| pol >0, and al and pl are constants independent of mesh
size h. An LMS method can solve equation (2.1) effectively when ”8’/ ay ”
is small,

A generalization of equation (3.1) leads fo the NLMS methods of step K
in thz form

K K
Ah(K-1) £ (3.2)
1=Zo “1® Yo =P ;0 *xiAM @y 0

where a; $0, | @ | +| » (P, (Ah))|> o0, and @, are {ndependent of h, but
¢x; (Ah) are functions of h and nonsingular A. (The Generalized Adams-

Bashforth (GAB) and the Generalized Adams-Moulten (GAM) methods for
K =1, 2 are suggested by the work of Certalne.3)

S

‘ The NLMS methods are designed to solve equation (2) effectively when
e of _

¢ " /ay " = ||A + 3'6,” is large. For A,which is a constant matrix, we
{ write equation (2. 2) as

ﬁ d At At

. 3@ Y =e gty: yt):y,- (3.3)

Integration of equation (3. 3) over the interval [tn' tn+i ] gives

J'nﬂ (Alta+1-t)
t

n

iAh
_ yt)=e y@)+ gt'.y)dt. (3.4)

E
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Expressing g, Y)ing Taylor Series €xpansion around ¢ , and
substituting it into €quation (3, 4 Wwe obtajp
iAb = o)
_ I Ay ()
Vo= ey 5 —L—e%¢, yuy,
=0 !
where

tn+i

Iij Ah) = / e A(tn“,- t")

t
n

(t'-tn)" dt.

We define the nonlinegy Multistep operator xN [ yt); h]to be
K

h (K-~j

°tN Yo: bl 3 o Angc

y(t+ih)
i=9

K

~h Z ¢ Ab) Ot + ih, y).
i=9

Expanding gt + ih

»Y) in Powers of h at ¢ tn Ylelds

9t +1h,y) . > (ﬂ;ﬂ "”(tn
J

LY.
I=0

If we Ssubstj

tute @+ in
y(t + ih) i

» Y) into €quation 6.7 and use equatjon 3.5) for
R 3.7, we obtain

@.6)

u 2
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K w Ij(Ah)
Ah(K-i)] 1Ah i
iva(t);thO:aie f ’[e Y+y —— 90’]

i=0
K 0 j
“h E:»mmh)[_‘;: %”-9‘”]

K .o
; . ADEK-1) eiAhyf+ z ¢, Ay g,
i=0 }=0

where

K

}
. Ah(K-i)| x: Ah) | j
C Al = 3 a;e [ 5 ]hz -‘—’-‘;‘! ¢ . (A,
i=0 1=0

A consistent NLMS method is said to beof order p if

€,~C=---=€ =0.buC 40

By mathematical induction, it is seen that

At :f (Ah)
j!

}
b3t

Therefore,

A Y e, An-o0. @.9)

b
~d
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A method of equation (3. 2) is said to be conslstent3 if

K

K
Ah (K-
e ”Z"i e Yosit D D @ i AD) gn+i”
i=0

i=0

is smallas h - 0.

The requirement thatC; (Ah) =Q forj=0, 1, . .

E¢=—HK¢ »

where E, ¥, H, K, and ¢ are described by the expanded forms of both

explicit and implicit forms,

In expanded forms, the explicit schemes satisfy

Ex&_hﬂ B aan® o«

Ah
. O I 1
2
(Ah) o
-. 11 \
(:> AnP 0 I
®-1)1

I e I £ eKAh
' o
I+Ah ... I+ KAh a S(K-DAR

(K- 1)1

®-1)P"

1

., p yields the consistency
and permits formulating the NLMS method in the following matrix form:

(3. 10)
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and the implicit schemes satisfy

I
I+Ah ... I+KAh ‘Kl’Ah
P (Ap™ P m
DI SR SR L

> =0 m=0
Ah j
A O \11...r¢m
2
= (Ah)
ﬂ 1! I K ‘Kl
p+1 |
Ah p
O wrfly . . oefle
(3.12)

We determme¢ (Ah) without loss of generality by selectmga =1

and then requiring that the condition of strong stability be realized in selectmg
a 0 The ‘Ki (Ah) are detern.ined using the above matrix formula, which can

: be considered as a matrix equation for the K-step, pth-order method
g (K21, p20). Below we show that ’Ki (Ah) can be determined by. first,

listing the formulas for the remaining ¢ Ki (Ah), and second, exhibiting an

explicit NLLMS method of order 2, From formula (3.10) for nonsingular H
and K , we get

-1 -1
o=- K 'H'lEy, -

where ¢ is a vector of dimension (K-1) or K, depending upon whether the
scheme is explicit or implicit., Explicit schemes are the following:

K=p=1,¢, (A= (A" (.oeAM D 3.14)
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K=p=2

’ ¢2,O(Ah) = - (An~2 [ao Ah-1) o2Ah _ a Ah (1 +Ah)](3.15)

+ala-Azl‘-)emuzm%ema,ugmumz] 3.17)

¢, I(Ah) = - (Ah)'3 [-2 @ (I -Ah)em‘h ta (21+ (Ah)z)ezAh

-2a2(1+Ah)eAh-(21+4Ah+3(Ah)2)] , (3.18)

$3,280 = - An” [o (AL AN, a (1 +Ab)2Ah

+ a2 a+ -:;-Ah + (Ah)z)eAh + (1 +§Ah +3 (Ah)z)] .

@3.19)
Implicit schemes are the following:
K = p=1,
¢,0 AW = - AN [ An-peAR ], .20)
¢1’1 (Ah) = - Ah)'2 [ao eAh + (I +Ah)] . (3. 21)
K= p=2,
$2,0 A0 = - A0 [a @ Zan . n?)2Ah
ra a-Ay A, g AT (3.22)
¢ Ah) = - (Ah)-a [a (-21 + 2Ah)92 Ah
2,1 0
ra, (-21+(Ah)2)eAh-2(I+Ah)]. (3.23)

10
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by AN = - Ay~ [a q-Ab) 240 ra, @+ Ay
+ (I+§Ah + (Ah)z)] : @3.24)
K=p=3,
85 o AN - - Al [,.o (1280 - 12 a2 4 ) 340
ra (-I+.Ah-3l (Ah)z) eZAh+¢2 ( (Ah)) Ab
+ (-1-Ah~ al(Ah)z)] (3.25)
¢, | (Ah = - Ay~ [ao(ar - 5Ah + 3 (Ah)z) o2A
ta, (31—2Ah -% (Ah)2+ (Ah) 3) e?‘Ah
(31+Ah Ah) ) Ah
+(3I+4Ah+g (Ah)z)] (3. 26)
i
* ¢, , An) = - (Ap)™ [ao (-31 + 4Ah -23 (Ah)z) (A
§ +a (-31 + Ah + (Ah)z) e2Ah
g @, (-31- 2 Ah +§-(Ah)2 + (Ah)a) eAh
g + (-31-5Ah-3 (Ah)z)] (3.27)

¢35 (A = - An~ [a (1-An + 2 An) 3"‘”1«-%&)?‘)3‘“
+a, a+Ah+-uh)2 A+ 2an f?l (Ah)2+(Ah)3)](3.28)

11

U —
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In the explicit cage when K = P =2, it is geen that

Ah o An o
M- M < any~? :
) An)> o
I I I
K- s K ;
(o] I (o] I
I I I
E- .
I I+Ah 14 2AR
and, therefore,
%0 nﬂﬂh-ljemnal em’-az (I + An)
¢ = - (A2
+2.1 qoem+ al(I+Ah)eAh+¢2(I+2Ah23 "

The selection of.az =1, 01 = -1, and ao = 0 leads to the GAB

method which gives

02'0 e‘h-(I+Ah)

¢- = -an2 | (.30)
‘2.1 \-(I+Ah)eAh+ I+ 2Ah)
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4. STEP SIZES OF NLMS METHODS

Nonlinear multistep methods are designed to avoid the use of small
stepsizeswhere @ (t,y) is a slowly varying function that can be appraximated
by a low-order polynomial int. To demonstrate this, we give an analysis
below and show that a larger step size can be selected using NLMS methods
than using LMS methods. From equation (3. 2), since @ # 0, we can write

K"l K

S S I Ah(K-1)

yn+k— @, Z @ ;€ Yn+i+h Z: ¢Ki(Ah)’n+i (4.1)
= i=0

which is of the form

Y= G(y)
wherey=Yy ek’ The successive iterative form gives
y(Y+1)___G(Y(Y)) @.2)
(0)

for any initial vectory " .
Let G(Yy) be defined for " y" <  and let there exist a constant k
such that 0 € k < 1. Then, G(y) satisfies the condition
ey -copll <xlly =-yll . @.3)

Using the definition of G (y), formula (4.1), and the fact that g(t, y) satisfies

the Lipschitz condition with Lipschitz constant L, we see that condition (4.3)
is satisfied by

4 Wl

a
K
for sufficiently small h and for all [|All <.

k u

@.4)

13
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For the iterative procedure (4.2) to converge for arbitrary initial

(0)

y . kis required to be less than 1:

n [ 4 A0 |

a

k<l —

<1. @.5)
K

Conventionally, when using LMS K-step methods with aK =1, we
select h such that

By hL*~k (<1). @.6)

Similary, for NLMS K-step methods, we select h_. to satisfy condition (4. 5):

N
[ 410 M| my L ~ @

Combining (4.6) and (4.7), we see that

hN=” *xk ! (AhN)" By L h. @.8)

-1
* '
For " ¢KK (AhN) ” pK not too small, we know that L* >>L; therefore,
hN >>h, This tells us that we can choose a much larger step size using NLMS
then we can choose using LMS.

The quantity hN can be selec’ed to satisfy

hy (4.9)

“ i Aby )|| |28 ||

In the event that " _G-g—" = (0, we can use a large hN This

advantage is demonstrated by the problem below.

We use problem 1 from section 8.3 to demonstrate the step size choice.

The problem is

y’=-100y+ (1 + &), y©=1.

Table 4-1 compares two methods of solution.

14
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Table 4-1. Comparison of Two Methods for Solving Problem 1
Adams- Explicit
Bashforth NLMS Remarks
n o F “ 100 0 - £, y) AB
dy for
gt.y) NLMS
Step Number 3 3
—
-8
Step Size 2 2,5 hN = 640h
Tmax 10 10

Solution Vector

.1008 0020 + 01

.1008 0020 + 01

Exact Solution

.1008 0020 + 01

Total Steps

2560

1

15/16
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5. FEATURES
5.1 VARIABLE STEP SIZE AND FIXED STEP SIZE

Variable step size is a desirable feature that is incorporated into this
approach, By controlling the step size, the solution may be obtained quicker
through the use of a larger step size. In some instances, the user may desire
to examine the solution at a specified time value. The variable-step-size
technique may not meet this requirement because a larger step can often bypass
that point, This is commonly encountered in all variable-step-size programs.
Although NLMS meti ods are designed to avold the use of small step sizes,
the program is designed with this option, However, the user can still use the
variable step size if he desires and select the maximum step size HMAX.

To exercise this option, we require that the indicator IPC be de-

fined as follows:
IPC = 0: fixed step size with INDEX = | © €xplicit
1 implicit

IPC # 0: variable step size; PCm.

If the present step size h needs a change, it is changed by an amount
rh where 1/2 < r <2, To save computing time, we change h by halving
or doubling, depending upon the need. This is handled automatically by the
program,

An example to demonstrate this feature is given in problem 1 of section
8.3. Closely connected with the variable-step-size procedure is the PCM
procedure, which will be described in the next section.

5.2 THE PC™ PROCEDURE

The PC™ procedure stands for 'predict and correct m times." This
procedure has been widely used to achleve efficiency. Henrtci? discussed
a single correction. Others feel that correction may be needed more *than
once. It Is frequently true that a good predictor needs but a single correction.
In this package, we set the upper bound of m to be 3.

It should be noted that when NLLMS methods are applied to solve stiff

equations, when @ 1s a function of t alone or is a constant, the PC™ procedure
may not be needed.

17
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5.3 SELF-STARTING

The possibility of missing starting values is common with all multistep
methods. The missing values have to be provided by an independent method.
The Runge-Kutta and Adam-Bashforth methods are often used as starters.
The self-starting procedure is provided here by using NLMS or LMS first-
order methods. As mentioned previously, NLMS methods allow the use
of large step size to solve stiff equations; therefore, we shall adopt the
explicit NLMS methods of order one as a starter for solving stiff equations.
The Adams-Bashforth first-order method is used as a starter for solving
nonstiff equations, which requires the use of a very small step size. In
the above case, LMS methods are called for and the self-starting procedure
requested. It is suggested that the user specify a small initial step size
to achieve satisfactory accuracy.

In most instances, the use of NLMS explicit methods of order one
to self-start 1s recommended because these methods are a good starter and,
most of all, because the step size is not restricted; the only requirement
is that the @ function must be defined. To do this, a simple modification
can be incorporated in the START subroutine. The user can save the indica-
tor, METHOD, from the argument and set it to 1 after entry, then reset
METHOD to the original state before RETURN,

5.4 SELECTION OF CHARACTERISTIC COEFFICIENTS al

The characteristic polynomial of LMS methods takes the form

K
P(L) = Z¢i§l=0,dx=1. (5.1)
=0

Let § ] be the 100ts of (6.1). The relationship

K h' K
O e-y= X e ¢ (5.2)

j=1 i=0

18
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0 1 e K ﬂu 1 LR l ‘Kﬂ
5 ﬁ !(_2 . « (5.4)
21 °° ! *1 T K1l
- =1
0 l.;.’. K_p _]2_1_ KF ]
p' sesn PI HK (p-l)t oo (p"l)! ]:K
Using (5.4), we can express @, (= ’Kio) as a functionof @ . We proceed
by using the explicit LMS methods of order 2 whose P coefficients are
Po al/2
P1 ¢1/2 +2@, . (5.5)
19
o I

enables us to express al
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as a function of { j; the § j determine the root condi-

tion and, thus, the stability. In this manner, after the ‘j are chosen to

satisfy the root condition of stability, the a {

can be determined.

For NLV S methods, first we determine ¢Ki (Ah), which are dependent

ona,

as given by formulas (3. 14) - (3. 28), After ¢Ki (Ah) are determined,

the numerical solution is calculated by means of formula (3. 2), which is

dependent on @ i

For LMS methods, the a i

are usually tabulated. One should note

that, in formula (2.2), if A = @, NLMS methods reduce to LMS methods.
-1
If we multiply (3.9) by [(Ah)]"'l] and let “A“—* 0, we get

K
l—_ = v
i=0

(g + D! j! 1=0

(5.3)

For j=0, 1,...,p-1, equation (5.3) gives a formulation of the LLMS methods

of order p. The matrix form is

0 o T e v aliadiil ek b :r,




TR 5311

The selection of two roots, 0 and 1, leads to strong stability and gives

a - 0, al = -1 and 02 =1, This implics that

50 -1/2

By 3/2

which gives the Adams-Bashforth method of order two. The author is unaware

of any program that allows a user to select { One does not

need to make a choice when using tabulated o i values. He has found1 that

the selection of roots of the characteristic polynomial can minimize the
initial local discretization error cp+l' Therefore, the selection of @ may

aid in studying the minimization of Cp+1. This is still an open problem.

Hence, this option may nut be immediately exercised, but it is available when
needed. :

Different characteristic roots satisfying the root condition give the

characteristic coefficients & L Different families of implicit NLMS methods

of order two are selected to solve problem 3 in section 8. These families,
their characteristic roots, and the associated characteristic coefficients are
identified by the following:

1. Strongly Stable Generalized-Adams Family

characteristic roots: 0,1

characteristic coefficients: a, 0,a. -1, a =1,

2, Strongly Stable Family

characteristic roots: 1.2, 1

characteristic coefflcients: a -1z @ = -3/2, a_ =1

1 2

3. Weakly Stable Generalized-Milne Family

characteristic roots: -1, 1

characteristic coefficients: 0'0 -1, a =0, a =1

20
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5.5 A AS A FUNCTION OF t
Consider the initial value problem
y=At)y+ gtt.y) yt)=y, (5. 6)

over the interval [ to’ to + nh] . We periodically decompose equation (5. 6)
into ‘

y= At)y+ 8ty yt) =y, (5.7)

where

gt y) = IA(t) - A(ti)f y+gt.y) (5.8)

such that Re { \ (A(ti)) < 0. We periodically evaluate A(t) att = ti' The
requirement that Re { A (A(ti)) | < 0 can be realived by construction and can
be assured since Re{ A (A(t)ﬂ < 0 for all t. The property of i(t, y) can
still be maintained for small h since ” A(t) - A(ti) ” is small and can be con-
trolled by the step size. In cases where the user possesses prior knowledge
about the problem, he can introduce a constant A and use the same decomposi-
tion technique and perhaps obtain quicker and more precise results. This is
not to say decomposition is unique.

5.6 INCLUSION OF LMS METHODS

As a part of this package LMS methods are included, whose step
numbers are chosen to be compatible with the same step numbers used for
NLMS methods that do not exceed order three. The application of LMS
methods is indicated by an indicator, METHOD, which has the following
definition:

0, LMS methods
METHOD =
1, NLMS methods.

The inclusion of LMS methods is merely an option. The reader is
asked to consult reference 4 for an efficient implementation of the Adams
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methods. However, the LMS methods incorporated in this package cover a
complete linear multistep family rather than an Adams family alone.

5.7 MISCELLANEOUS FEATURES

1. For solving stiff equations, if gt, Y) =g (t). i.e., independent
of y. no correction is needed. To exercise this feature. set the indicator

IPC equal to zeroso that unnecessary computations are avoided.

2. If the stiff equation to be solved is homogeneous and A is a con-
K

stant matrix, there is no need to calculate h E ¢Ki(Ah)’n+i. By setting the

S i=0
K !
indicator IGFN equal to zero, the program will bypass the h E ¢ Ki (Ah)g o .
i=0

computation loop. In the event that A is a function of t, even if the

system is homogeneous, theng (t, y)= O must be defined in the GFN subroutine.

3. A user's starter can be supplied to replace the START through
either the argument or the complete replacement of the subroutine.

Subroutine INVERT can be treated in the same manner as above.
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6. PROGRAMMING ASPECTS
6.1 NOTES TO USERS
1. Double precision arithmetic is used for all computations.

2. Subroutines not used by the user can be ignored. They are well-
deflned internally.

3. Subroutines that are required to be supplied by the user mus: not
be ignored in order to obtain correct computations,

a. If NLMS methods are used, GFN must be supplied, exce;ﬁt
g(t.y) =O(IGFN = 0).

b. If LMS methods are used, FFN must be supplied.
c. It A is a function of t, AFNT must be defined.

4. The solution vector is either in YNEW({) or Y(KSTEP + 1, 1). The
assoclated t; is in TEA. The user who desires to output his results can
incorporate the desired output format into PRINT subroutine.

5. The existing Univac 1108 EXEC 8 library matrix inversion sub-
routine DGJR is used for test problems,

6. Certain detections to inputs are provided in FORTRAN V programs,
Default values are assigned io protect a great number of inputs, This advan-
tage can be used since the inputs are defined on NAMELIST, However, this
advantage i8 not applicable to ANSI FORTRAN users; thelr inputs must be
supplied correctly.

7. Meanings of a few special indicators in DIFEQ:

Indicators, brought to the DIFEQ program through the
CALL argument, are IG, IV, INDEX, IAT. These
are normal indicators.

IG gt y)=0.

v a variable step size is used.
INDEx (  ndicates whether or a method I8 explicit.
IAT 2 Ais a function of t.
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Other than these indicators, there are a few indicators specially used by
DIFEQ to produce computational efficiency and accuracy. Their meanings
need to be explained,

m LMT. Normal use is to define LMT = m = 3 when a variable-step-size,
PC" procedure is used. To ensure this, ILMT is set to 3 initially. In the

event a fixed-step-size, implicit method is asked for, we make use of this
indicator to yield the following control.

a. WhenIV = 0and INDEX =1, a fixed-step-gize, implicit method
is asked for.

b. After a complete calculation of the required implicit formula,
LMT is changed to contain 1. The purpose of this modifica-
tion is to inform the program to predict the next Y, value
in order to implicitly calculate the Yu ¢ This internal modifica-
tion does not affect the subsequent calculations.

ITER. A counter for every successful corrector's convergence or
every fixed-step calculation. To take advantage of this, this indicator is
designed to appear in the argument of PRINT, so that the user may use this
information to control his printouts. As an example, If the user wants to

print out results at every 100 successful calculations, he needs to define a
statement in the PRINT program that reads:

IF(MOD(ITER, 100) . EQ. 0)WRITE(4,12)H, T, (Y(L), L=1,N).

ISTEP, If a fixed step size i8 used to proceed for subsequent computa-
tions, the matrix exponentials and the determination of ¢Ki (Ah)can be

calculated only once. When a variable step size is used, it is necessary to
calculate the matrix exponentials and to determine the ¢Ki (Ah)for every b,

When the program finds a successful h that leads to the corrector's convergence
as well as satisfying user's tolerance, we take a new approach: We can use the
same h to proceed, if required conditions are met, for at most three calcula-
tions; we then consider doubling the step size. Suppose we double the step

size too soon. Then it is necessary to calculate the matrix exponentials and

to determine the ¢Ki(Ah). If this new h does nnt lead to the corrector's

convergence, all above computations are wasteful. Then we need somehow
to use the matrix exponentials and the ‘K' (Ah)for the old h. Without
i

worrying about memory space, the old values can be saved; without worrying
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about computation time, the old values can be recalculated. Certainly, we
cannot save both the time and the space simultaneously. Now, the reason
that ISTEP is used to minimize cost becomes apparent. In the case of solv-
ing stiff equations, chances are good for success, even if h is doubled.

The user can take advantage of this by requiring the limit of ISTEP to be 1,

The change to the program is almost trivial. The present setup doubles h after

each successful calculation.

IMIN, To perform floating-point addition between T(1) and H, the
difference between T(1) and H must be within the allowable significant
digits of the computer. To maintain m significant digits in floating-point
addition, the exponent (T(1)) minus the exponent (H) cannot exceed m. We
define HMIN to mean hmln and to satisfy this range. In reality, even if the

Lipschitz constant is large and even if the LMS methods are called for,

HMIN will not fall outside of the significant digit range, and we can assign

a larger h in to avold excessive computations. Once this safeguard is

built in, when H reaches HMIN more than three times, we will not continue.
We will terminate the program with a message for the user to tell him what to
do. The variable IMIN is defined to count how many times H reached HMIN,

8. Even though programs work for the same computer in different
locations, the input/output (I1/0) units may differ in number; users are ad-
vised to make sure that the unit numbers are in agreement with the program.
6.2 FORMATS OF USER-SUPPLIED SUBROUTINES

A few optional subroutines must be supplied by the user under certain
conditions. These conditions are listed below along with their required

formats.

1, INVERT, This is a matrix inversion subroutine, called by NLMS
methods whose CALL statement has the format

CALL INVERT (A, N, B),
where
A Is an (n x n) matrix
N is the order of matrix A

B contains the A inverse after exit.
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As an example, using an existing Univac 1108 library subroutine DGJR (Gauss-
Jordan Reduction), the structure of INVERT should look like

SUBROUTINE INVERT (A, N, ANS)
PARAMETER NR=20, NC=20
IMPLICIT REAL*8 (A-H, O-Z)
DIMENSION A (NR, NC), ANS (NR, NC)
DIMENSION V (2), JC (NC)

V(1) = 1.D0
D01I=1, N
D01J=1, N

1ANS(I, J)= A (, J)
CALL DGJR (ANS, NR, NC, N, N, $10, JC, V)
RETURN

10 WRITE (4, 2)

2 FORMAT (3X, '"MATRIX INVERSION ERROR')
RETURN
END

2. BEGIN. This subroutine supplies initial values. It is required if
the self-starting procedure is not used. Its CALL statement has the format

FORTRANV: CALL BEGIN (K, H, N, Y, YN, YOLD, INVERT,
IT, METHOD, IAT)

ANSI FORTRAN: CALL START (K, H, N, Y, YN, YOLD, IT,

METHOD, IAT),
where

K is the step number

H is the step size

N is the order of the system

Y is a two-dimensional array containing the initial values; at most,
4 rows, 20 columns.

YOLD is the same dimension as Y, used as a working storage.

INVERT s the name of a matrix inversion subroutine.
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IT is an indicator that indicates whether the calculation of a
g -function is needed.

METHOD indicates use of either NLMS or LMS explicit of order one.

IAT indicates whether A is a function of t.

As an example, if one uses exact initial values for problem 5, section 8, the
structure of BEGIN should look like this in FORTRAN V:

SUBROUTINE BEGIN (K,H,N,Y,YN,YOLD,INVERT, IT, METHOD, IAT)
PARAMETER NR = 20, NC = 29

IMPLICIT REAL*8 (A=H, 0-2)

EXTERNAL INVERT

COMMON A (NR, NC), ALPHA (4), T (NC)
DIMENSION Y (4, NC), YN (N), YOLD (4, NC)
H=T(@Q)+H

H3 =H2 + H

Y(2,1) = DEXP (-H2*H2/2.) - DEXP (-H2) + 1.0
Y(@3,1) = DEXP (-H3*H3/2.) - DEXP (-H3) + 1.0
RETURN

END.

In ANSI FORTRAN, the structure should be as follows:

SUBROUTINE START (K,H,N,Y,YN,YOLD, IT, METHOD, IAT)
COMMON A (20, 20), ALPHA (4), T (20)

DIMENSION Y (4,20), YN (20), YOLD (4, 20)

DOUBLE PRECISION A, ALPHA, H, T, Y, YN, YOLD, H2, H3
H2 =T (1) +H

H3=H2+H

Y (2, 1) = DEXP (-H2*H2/2.D0) -DEXP (-H2) +1.D0

Y (3,1) = DEXP (-H3*H3/2.D0) -DEXP (-H3) +1.D0

RETURN

END

3. GFEN. This subroutine calculates the g(t,y) att =t i for every

1. It is required by NLMS methods only if the differential equation is non-
homogeneous. Its CALL statement has the following format:

FORTRANV: CALLGFN (G, H, N, Y, K, T, A, NR, NC)
ANSI FORTRAN: CALLGFN (G, H, N, Y, K, T, A),
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where
G is a vector that contains calculated g function values
H equals the step size
N is the order of the system
Y is a two-dimensional array Y (I, J):1<1<4;: 1<J<N
K equals the step number
T is a vector that contains time values
A is an (n x n) matrix i

NR equals the number of rows of A

i e

NC is the number of columns of A,

For example, to solve a system of two stiff equations, problem 3 of section 8, .
the structure of the GFN should be as follows in FORTRAN V:

SUBROUTINE GFN (G,H,N,Y,K,T, A, NR,NC)
IMPLICIT REAL*8 (A-H, O-Z)

DIMENSION A (NR, NC), Y (4, NC), G (NC), T (NC)
G(1)=1.0

G(2)=1.0

RETURN

END

st o

-

The structure in ANSI FORTRAN should be as follows: i

SUBROUTINE GFN (G,H,N,Y,K,T, A) i
DOUBLE PRECISION A (20, 20), Y (4, 20), G (20), T (20), H |
G (1) = 1.D0O

G(2)=1.D0

RETURN

END
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4. FFN. This FFN subroutine calculates §(t, y), which is required
only by LMS methods. Its CALL statement has the format

CALL FFN (Y,N,FN, D,
where
Y is a 2-dimensional array Y (I, J);
1<1< stepnumber +1;1<J<N
N equals the order of the system
FN is a vector to store calculated f function values
I is the intermediate step index .

For example, to solve a system of two equations, problem 4 of section 8,
using LMS methods, the structure of FFN should be as follows for
FORTRAN V:

SUBROUTINE FFN (Y,N,FN,])
PARAMETER NR = 20, NC =20

IMPLICIT REAL*8 (A-H, 0-Z)

COMMON A (NR, NC), ALPHA (4), T (NC)
DIMENSION FN (1), Y (4, NC)
FN(1)=Y(, 2

FN@2)=-Y (1 1)

RETURN

END

For ANSI FORTRAN, the structure is

SUBROUTINE FFN (Y, N, FN,])

COMMON A (20, 20), ALPHA (4), T (20)
DIMENSION FN (20), Y (4, 20)

DOUBLE PRECISION A, ALPHA, FN, T, Y
FN() =Y(I, 2

FN@) = -Y (1, 1)

RETURN

END
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5. AFNT. This AFNT subroutine should be supplied by the user
when A is a function of t. This subroutine calculates every A (t) att = t,.

Its CALL statement has the format

FORTRAN V: CALL AFNT (A,N,T,NR,NC)
ANSI FORTRAN: CALL AFNT (A,N,T),

where
A is a two-dimensional array, A (NR, NC)
N equals the order of the matrix
T is a time variable
NR is the number of maximum rows of A
NC equals the number of maximum columns of A .

For example, to solve a system of one equation (problem 5) using an NLMS
method of order 2, the structure of AFNT in FORTRAN V should be:

SUBROUTINE AFNT (A, N, T, NR,NC)
DOUBLE PRECISION A (NR, NC), T
A(,1)=-T

RETURN

END

In ANSI FORTRAN, it should be:
SUBROUTINE AFNT (A, N, T)
DOUBLE PRECISION A (20, 20), T
A(,1)= -T

RETURN
END

6. PRINT. This PRINT is designed for the user's convenience to
output the results in his desired formats. Its CALL statement has the format

CALL PRINT (H,T,Y,N,]),
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l where

H is the present step size

T is the present time step

Y is a one-dimensional array containing the current solution
N is the order of the system

Iis an iteration countér.

For example, results are required to be printed out att = 5 and 10 of problem
5 (section 8) along with exact solutions at the same time values. The PRINT
statement can be designed as follows:

SUBROUTINE PRINT (H,T,Y,N, ]
“ DOUBLE PRECISION H, T, Y (1)
i - 12 FORMAT (1X, 2 (E15.8, 2X), 4X, 5 (E15.8, 2X))
IF (T-4. 995D0) 84, 84,83
83 IF (T-5. 005D0) 1184,1184, 85
85 IF (T-9. 995D0) 84, 84,86
86 IF (T-10. 005D0) 1184, 1184, 84
1184 WRITE (4,12) H, T, (Y(J), J =1, N)
CALL EXACT (T, Y)
84 RETURN
END

31/32
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7. USER'S GUIDE

The following table gives the options, the default conditions, and the
input indicators available.

Table 7-1. User's Guide

Default |
Option Condition Input Indicator |
{
A is a function of t 0 IAT ¥ 0 ;
l -
ERR 0.1D-11 f
F-function (FFN) 0 Called by LMS only if )
METHOD = 0
final time TMAX
IPC = 1 and
fixed step size 0 Explicit /
INDEX = |
1 Implict I
G-function (GFN) 0 = 0 not needed
IGFN
% 0 need for stiff S
eqs.
INDEX 0 0 Explict
1 Implitict
| initial time T (1)
INVERT user-supplied matrix
( inversion
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Table 7-1. User's Guide (cont)
Default
Option Condition Input Indicator
KSTEP, step number 1 KSTEP
METHOD 1 0 LMS
i 1 NLMS
pc™ 0 IPC = 1 or IAT # 0,
m= 3
START self-starting User-supplied starter
step size 0.01 H
step size (maximum) 0.1 HMAX
variable step size IPC =1
initial vector YZERO
a; GAB-GAM ALPHA
order of the system N

34
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8. NUMERICAL RESULTS AND INPUT SETUPS
8.1 PROBLEM IDENTIFICATION

An ordinary differential equation is said to belong to the class (N, S,
H, L) if it satisfies the following definitions:

0 first order
N =
1 higher order
0 nonstiff
S =
1 stiff
0 homogeneous
H =
1 nonhomogeneous
0 linear in
L=
1 nonlinear in.

For example, the equation

0 i 0

y'= y; y-=
-1 0

is a first-order, nonstiff, homogeneous, linear differential equation. There-
fore it belongs to (0,0, 0, 0).

8.2 SELECTION OF TEST PROBLEMS

Seven test problems have been gelected from various sources
in order to illustrate the different options. At least one feature is exercised
in each problem., The exactstart will be used for most test problems. The
formats of user-supplied subroutines are described within each problem in
FORTRAN V language. The main body of ANSI FORTRAN is the same a8
FORTRAN V of each subroutine; therefore, the ANSI FORTRAN version is
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omitted. For exact ANSI FORTRAN formats, the user can consult the ANSI
FORTRAN in the appendix. Table 8-1 itemizes the seven problems,
which are then each discussed in detail.
8.3 PROBLEMS, INPUT SETUPS, AND SOLUTIONS
Problem 1
’ 2
Y=-100 Y+ (1 +t7); y(0)=1.

Exact Solution

yt) = (1- 1—(1;5 - 1%03—) ek 1_(1)5 + I;E (1002 ¢
=200t + 2).
Classification i
0,1,1,0).
Eigenvalues of A
{-100} {
Method Applied
i
Implicit NLMS of order 3 with fixed step size. Linear multistep of 1
order 3 with PC™ procedure.
Step Size Used ~
1.25 and 2.5 for NLMS. Variable s ep size for LMS with initial
h =0.01.
Time Interval

{0, 10]

Special Features Exercised

Fixed step size,
Variable step size.
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Special Features Exercised (cont)

Exact start.
PC™ procedure.

FORTRAN V Inputs Set-Up

Fixed step size, implicit NLMS of order 3.

$INPUTS

N=1, KSTEP=3, ALPHA(1)=0.D0, 0.Do0, -1.D0, 1.D0,
T(1)=0.D0, TMAX=,1D2,

YZERO(1)=1.D0, A(1,1)=-1.D2,

H=1.25D0,

IGFN=1, IPC=0, METHOD=1, INDEX=1,

SEND

Variable step size, LMS of order 3.

$INPUTS

N=1, KSTEP=3, ALPHA(1)=0.D0, 0.D0, -1.D0, 1.Do,
T{1)= 0D0, TMAX=.1D2,

YZERO(1)=1.D0, ERR=.1D -11,

H=.1D-3, HMAX=.1D-2,

IPC=1, METHOD=0, INDEX=0

$END

User- Supplied Subroutines

SUBROUTINE GFN (G,H,N,Y,J,T,A,NR, NC)
IMPLICIT REAL*8 (A-H, O-2)

DIMENSION A (NR, NC), Y (4, NC), G (NC), T (NC)
TH= T (1) + (J-1) *H

G()=1.+ TH*TH

RETURN

END
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User-Supplied Subroutines (cont)

SUBROUTINE FFN (Y,N,FN,])
PARAMETER NR=20, NC=20

IMPLICIT REAL*8 (A-H, O-Z)

COMMON A (NR, NC), ALPHA (4), T (NC)
DIMENSION FN (1), Y (4, NC) .
FN (1) = -100, *Y (I, 1) + (1. +T (I) **2)
RETURN

END

An Exact Starter - BEGIN

SUBROUTINE BEGIN (K,H,N,Y,YN,YOLD, INVERT, IT, METHOD, IAT)
PARAMETER NR=20, NC=20

IMPLICIT REAL*8 (A-H, 0-2)

EXTERNAL INVERT

COMMON Y (4, NC), YN (N), YOLD (4, NC)
H2=T (1) + H

H3 = H2 + H

H4 = H3 + H

X = 1.-.01-2./100.%**3
X4=X*DEXP(-100.*H4)
X3=X*DEXP(-100.*H3)

X=X*DEXP(-100. *H2)

W=(100. *H2)**2-200, *H2+2,
Y(2,1)=X+.01+W/100, **3

W= (100. *H3)**2-200. *H3+2,
Y(@3,1)=X3+.014W/100, **3

W= (100. *H4)**2-200, *H4+ 2.
Y(4,1)=X4+.01+W/100, **3

RETURN

END

SOURCE: Lee1 .
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Numerical Results

Give results around t = 5, 10,
Implicit NLMS methods of order 3.

t y(t)

.50000000+01 .25900200-00*
.25900200-00%

.10000000+02 . 10080020+01*
.10080020+01 ¥

LMS methods of order 3

t y(®)
.50047500+01 .25497628-00*
.25497628-001
, 10020750+ 02 .10121522+4+01%*
.10121522+01 ¢t
Remarks

Nonlinear multistep methods can arrive at t = 10 in one step by using
h = 2.5 at the cost of 4.1 seconds CPU time. However, in order to obtain
y (5), we use h = 1.25; the CPU time costs a little more—4.4 seconds.
These NLMS methods are designed to allow the use of large step size and to be
effective for those g(t, y) belonging to the class of low-order polynomials.
Therefore, it is not surprising that the implicit NLMS method of order 3
produces accurate results,

*Solution produced by the methods
tExact solution
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Problem 2

6k - 3
) h1
y'= r’ H r {l}} = ,
B1 g 1
) M
using &k = 1.0075
p = p] = 0.0075
N = 0.075
g = 1078
Exact Solution
T
y @) = (--6414 1073-07, -.8552 1424 + 00)
T

y(5) = (--5130 4190-07, -.6840 5581 + 00)
y (10) = ( -.3536 0130-07, -.4714 6837 +00) T

Classificiation

0,1,0,0)

Eigenvalues of A

| -.0744375, -10°}

Method Applied

Implicit NLMS of order 2 with fixed step size.

Step Size Used

1.0

Time Interval

(o. 10]
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Special Features Exercised

Fixed step size
Exact Solution

FORTRAN V Inputs Setup

Fixed step size, implicit NLMS of order 2

$INPUTS

N =2, KSTEP = 2, ALPHA (1) = 0.D0, -1.D0, 1.D0
T (1) = 0.D0, TMAX = 10. D0

YZERO (1) = 1.D0, -1.D0, H=1.D0

IGFN = 0, IPC = 0, METHOD = 1, INDEX = 1
$LND

User-Supplied Subroutine

Since g(t,y) = O . IGFN is set to 0. Hence, the GFN is not called for,

Source Weaverlo

The infinite-medium reactor kinetic equations, in standard form, with
m delayed neutron groups, can be expressed as

m
@‘-—_L&kﬂ- n+ Z XiCi

dt

i=0
R/ N 1 U
dt 2 0

where

pl = the fraction of the total number of fission neutrons belonging to the ith

group precursor that are delayed,
B = the fraction of the fission neutrons that are delayed,

{ = neutron generation time (cec).
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)‘i = decay constant for the ith
n = neutron density,

Ci = the concentration of the ith

group precursor,

precursor, and
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6 = a constant for a reactor with a constant excess of reactivity.

k

Considering a single delayed neutron group, we obtain

dn 6k- P N ,
dt 2

dc, P )

T ) N 1

Numerical Results

Give results att = 2, 5, 10.
t
y, )

-.6414 1073-07
-.6414 1073-07

.2000 0000 + 01

-.5130 4190-07
-.5130 4190-07

.5000 0000+ 01

-.3536 0130-07
-.3536 0130-07

.1000 0000+ 02

Remarks

y,®

. 8552 14244 00* /
. 8552 14244001

. 6840 5581+00
. 6840 5581+00

.4714 6837+00
.4714 6837400

A-stable NLMS methods can solve homogeneous stiff equations exactly
in the absence of round-off errors. An extremely small step size is required
for the same accuracy 4.1 x 10'6) if LMS methods are used.

*Produced by implicit NLMS methods of order 2
tExact solution
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Problem 3
0 1 1 1 i
I__ + 5 y(O) = , 1
Y= \10 -9 1 1 t
Exact Solution
t
2e -1
yo®= ii
Zet—l z
Classification ‘
©, 0, 1, 0) ‘,
Eigenvalues of A ‘
{-10, 1}

Methods Applied

Explicit NLMS method of order 3.

Step Size Used

0.1and 1.0.

Time Interval

(o, 10)

Special Features Exercised

Fixed step size.

Self-start.
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FORTRAN V Inputs Set-Up
Fixed step size, explicit NLMS of order 3.
SINPUTS
N=2, KSTEP=3, ALPHA (1)=0.D0, 0.D0, -1.D0, 1.Do0,
T(1)=0.D0, TMAX=.1D2,
YZERO(1)=1.D0, 1.Do,
A(1,1)=0.D0, A(1,2)=1.D0, A@2,1)=.1D2, A, 2)=-9.D0,
H=1.DO,
IGFN=1, IPC=0, METHOD=1, INDEX=0
$END
User-Supplied Subroutines
SUBROUTINE GFN (G,H,N,Y,J,T,A,NR, NC)
IMPLICIT REAL*8 (A-H, 0-Z)
DIMENSION A (NR, NC), Y (4, NC), G (NC), T (NC)
G(1)= 1.0
G(2)= 1.0
RETURN
END
Source: Leel.
Numerical Results \
Gives results at t=1, 5, and 10.
t | y,® Yy )
.10000000+01 .44365637+01 .44365637+01*
.44365637+01 .44365637+01¢%
.50000000+01 .29582632+03 .29582632+03
.29582632+03 .29582632+03
.10000000+02 .44051932+05 .44051932+05
.44051932 +05 .44051932+05

*Produced by explict NLMS methods of order 3.
T Exact solution.
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Since LMS methods are not used, FFN is not called for. The built-in
self-starter is used.

Problem 4
u"+u=0;u () =0, ut (0 =1,

Equivalent Problem

u' 0 1 u u (0) 0
y' -1 0 y y (0) 1

Exact Solution

u= sint.

Classification

(1,0,0,0)

Eigenvalues of A

{+i |

Method Applied

LMS methods of order 2 with PCm procedure,

Step Size Used

Initial step size = w

Remarks

In the absence of round-off errors, NLMS methods of different orders
are equivalently accurate if g {t, y) is a constant; NLMS methods of any order
should produce accurate results for this problem,
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Time Interval

{0, 6 7] .

Special Features Exercised

Variable step size
PCm procedure
Exact start.

FORTRAN V Inputs Set-Up

$INPUTS

N=2, KSTEP=2, IPC=1, INDEX=0, METHOD=0
T(1)=0.D0, TMAX=18.75D0

YZERO(1)=0.D0, 1.D0, ERR=.1D-11
ALPHA(1) = 0.D0, -1.D0, 1.D0

$END

In MAIN, H is defined to be  initially and HMAX = H/16.

User-Supplied Subroutines

SUBROUTINE FFN (Y,N,FN, )
COMMON A (20, 20), ALPHA (4), T (20)
DIMENSION FN(20, Y(4,20)

FN(1) = Y (I, 2)

FN(@2) = -Y (I, 1)

RETURN

END

Source: Krough9

Numerical Results

Give maximum absolute error att = 2, 4, 6.
t Maximum Absolute Error

.2307 1215-12
.2307 0965-12
.2307 1128-12

- ]
N3 A
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Remarks _

This problem demonstrates that high-order differential equations can
be decomposed into a system of first-order equations so that this package is
applicable. Since this is not a stiff equation, we choose the variable -step-size
and PC™ procedure to examine the efficiency of the LMS portion.

Problem 5

Y=t -y)+ (1-te 5y (.1) = 1.0901751.

Equivalent Problem

y=-ty+t+ (l-t)e't; y(.1) = 1.0901751.

Exact Solution

£
yt=e 2 —et+1,
Classification
0<t<1l (0,0,1,0)
1< ¢ (0,1,1.0)-
Eigenvalues of A
{-t1.

Methods Applied

NLMS methods of order 3.

Step Size Used

Variable step size with initial h = 0.01.

Time Interval

[0.1, 50.0] .
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Special Features Exercised

Automatic periodic decomposition of A (t).
PCrn procedure.
Variable-step-size procedure.

FORTRAN V Inputs Set-Up

Variable step size, NLMS of order 3

$INPUTS

N=1, KSTEP=3, ALPHA(1)=0.D0, 0.D0, -1.D0, 1.DO0,
T(1)=.1D0, TMAX=.5D2,

YZERO(1)=1.0901751D0, ERR=, 1D-11,

H=.1D-1, HMAX=.1DO0,

IGFN=1, IPC=1, METHOD=1, INDEX=0, IAT=1
$END

User-Supplied Subroutines

SUBROUTINE GFN (G,H,N,Y,J, T, A,NR, NC)
IMPLICIT REAL*8 (A-H, O-Z)

DIMENSION A (NR, NC), Y (4, NC), G (NC), T (NC)
G (1) = TE) + (1.-T (J))*DEXP(-T (J))

RETURN

END

SUBROUTINE AFNT (A, N, T, NR, NC)
DOUBLE PRECISION A (NR, NC), T
A(1,1) = -T

RETURN

END
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An Exact Starter - BEGIN

SUBROUTINE BEGIN (K,H,N,Y, YN, YOLD, INVERT, IT, METHOD, IAT)
PARAMETER NR=20, NC=20
IMPLICIT REAL*8 (A-H, O-Z)
EXTERNAL INVERT
COMMON A (NR, NC), ALPHA (4), T(NC)
DIMENSION Y (4, NC), YN (N), YOLD (4, NC)
DO11=2, 4
T@=T(1)+H
1Y (I, 1) = DEXP (-T (I) * T (I)/2.) -DEXP (-T ()) + 1.0
RETURN |
END

Source: Kroughg.

Numerical Results

Give results att = 1,0, 10, and 30.

t y(t )

.10000000+01 .12386512-01*
.12386512-011

.10000000+02 .99995460+00
. 99995460+ 00
.30000000+02 .10000000+01
.10000000+01

*Produced by NLMS methods of order 3.
t Exact solution
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Problem 6

’ 2 1
y=-100ty" y@) = 5

Equivalent Problem

TR 5341

y'= -100 y+ 100 y(l-ty); y(1).=5l1

Exact Solution
‘ y®) =

Claspsification

©0,1,1,D

Eigenvalues of A

Methods Applied

NLMS methods of order 3.

Step Size Used

Variable step size with initial h = 0.01,

Time Interval

Special Features Exercised

Variable step size
’ = ' (to Y)v
Exact start.

pc® procedure,

{-100}

(1, 50] .
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FORTRAN V Inputs Set-up

Variable step size, NLMS order of 3.

$INPUTS

N=1, KSTEP=3, ALPHA(1)=0.D0, 0.D0, -1.D0, 1.D0,
T(1)=1.D6, TMAX-=.5D2,

YZERO(1)-.19607843D-1, ERR=.1D-11,

A (1,1) = -100, DO,

H = .1D-1, HMAX = .1Do,

IGFN = 1, IPC = 1. METHOD = 1, IN'DEX = 0

$END

User-Supplied Subroutines

SUBROUTINE GFN (G,H,N,Y,J, T, A, NR, NC)
IMPLICIT REAL *8 (A-H, 0-2)

PIMENSION A (NR, NC), Y (4, NC), G (NC), T (NC)
G(1) = 100.*Y (J, 1) * 1.-T (J)* Y (J, 1))
RETURN

END

An Exact Starter: BEGIN

SUBROUTINE BEGIN (K, H,N,Y, YN,YOLD, INVERT, IT, METHOD, IAT)
PARAMETER NR=20, NC=20
IMPLICIT REAL*} (A-H, 0-Z)
EXTERNAL INVERT
COMMON A (NR, NC), ALPHA (4), T (NC)
DIMENSION Y (4, NC), YN (N), YOLD (4 (NC))
DO11w=2,4
T()=T(@-1) +H
1Y, 1)=1./(1.+50.*T (1))
RETURN
END

Source: Jains.
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Numerical Results

Give results around t = 5, 10, 20, 30, and 50.

.5003 1250 +01 .7983 6304-03*
.7983 6304-03 T

.1000 1875 +02 .19988506-03
.19988506-03

.2000 6875 +02 .49963146-04
.49963146-04
.3000 4375 +02 .22215249-01

.22215249-04

.5001 4375 +02 .7995 3381-05
. 7995 3381-05

Remarks

The decomposition technique is applied successfully with the pc™
procedure for this nonlinear problem. Here, @ (t, ¥) is not a low-order
polynomial, but the program can be seen to vary the step size automatically
and to maintain convergence and reasonable accuracy.

Problem?7
3 T
y'=UZ -UBUY ; y© = (-1, -1, -1, -1)
where
41 1 1 1
; 1 1 -1 1 1
Us2 11 1. 1
T B
T
2 .2 2 . 2
=W . W, W,
z ( i+ g Vg “4)

*Solution produced by NLMS methods
t Exact solution.
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= W, W,W, , W T =
w o ( 1’ 2o 3. 4) -uy
B = diag ( P1, P2, P3, By
ﬁl = 1000, p2 = 800, p3 = 10, ﬂ4 = 0,001.
Exact Solution
) B, , Py
y®) =u o X
1-0+ B)e 1-(1+p)e
1 2
T
53 : p4
Bt ﬂ4t
1-(1+53)e 1- (1 + 64)e
Classification
©, 1, 1, 0).
Eigenvalues of A
{-1002, -802, 8, -2.001} initially

{-1000, -800, -10, ~0.001} when 0,001t =21.

Method Applied

NLMS methods of order 1

Step Size Used

0.01<t <1, h= ,1D-2,
1<t <10, h=.1D-1,
10 <t < 1000, h = ,1D0.

Time Interval

(0.01, 100] .
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Special Features

Fixed step size.

FORTRAN V Inputs Set-Up

To maintain better precision, matrix A (A(I,J)) and vector Yo
(YZERO) are calculated by programs specially incorporated in MAIN.

Fixed step size, NLMS of order 1.
$INPUTS

N =4, KSTEP =1, ALPHA (1) = -.1D0, 1.D0,
T (1) = .1D-1, TMAX =1.D3

H= ,1D-2,
IGFN =1, IPC = 0, METHOD = 1, INDEX = 0
SEND

User-Supplied Subroutines

SUBROUTINE GFN (G,H,N,Y,J, T, A,NR,NC)
IMPLICIT REA*8 (A-H, 0-Z)
DIMENSION A (NR, NC), Y (4, NC), G (NC), T (NC)
DIMENSION W (4)
WW = 0.0
D0 10 K =1,N
10 WW = WW + Y (J,K)
DO5I=1, N
W (D) = WW -2.*%Y (J, ])
5W() =W () *W (D) /4.0
G (1) = (-W(1) + W(2) + W(3) + W(4))/2.0
G (2) = ( W(1) - W(2) + W(3) + W(4))/2.0
G @) = (W(1) + W(2) - WB) + W(4))/2.0
G (4) = ( W(1) + W(2) + W(3) ~W(4))/2.0
RETURN
END

Source: Krough, Gear7 c
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Numerical Results

50

500

1000

Remarks

Given results at t = 50, 500, 1000

-.50095236+01
-.50095561+01

-.50007681+01
-.50007688+01

-.50002903 +01
-.50002905+01

-.50095326+01
-.90095561+ 01

-.50007681+01
-.50007688+01

-.50002903+01
-.50002905+01

.49904764+01
.49904439+01

.49992319+401
.49992312+01

.49997097+01
.49997095+01

.49904764+01*
.49904439+01%

.49992319+01
49992312401

-.49997097+01
-.49997095+01

Since only three different step sizes are used, there are only three

matrix inversions and three matrix exponentials needed. To reacht = 1000

takes about 4 min 46 sec with a maximum error~ .38 x 10-7,

%6

*Solution produced by NLMS methods.
tExact solution.
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9. CONCLUSIONS

A family cf strongly stable and consistent NLMS methods has been
developed.  When iipplying NLMS methods to the problem y = Ay , which

implies g (t, y) =0, NLMS methods produce the approximat: solution
A
¥, = Atn Y, =€ Lol Y, . Since the matrix exponential is computed by
9
the Pade approximation,]“’ 1 which is stable, the lim ” Yn” —> 0 asn » o

3
establishing the A-stability in the sense of Dahlquist. 1

.

eif, y) is a slowly varying function that can be approximated by a
low-order polynomial int and A is a slowly varying function in t, NLMS methods
allow the use of a larger step size and can produce almost exact solution in the
absence of round-off errors. In the event that g (t, y ) is not a low-order
polynomial in t or not a slowly varying function in t, NLMS methods can still
produce accurate results if not too large a step size is used.

»

In general, because of the initial local discretization error, implicit
NLMS methods are better than explict NLMS methods. High-order NLMS
methods are better than low-order NLMS methods. In the event that

g(t.,y) is aconstantint and y , we see that

K-1 K i
E *il) = Z ‘Kl
i=0 i=0

Therefore, explicit NLMS of order K is equivalent to implicit NLMS of

order K. In this case, low-order NLMS methods will suffice; high-order NLMS
methods are not necessary. In fact, high-order NLMS methods require more
computations, a good Pade approximation, and an accurate matrix inversion.

Sceveral numerical experiments has been performed upon test prob-
lems utilizing different selection of & i from both strongly and weakly

stable NLMS families. The numerical results agree to nine significant
digits.
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The numerical results presented in this report mainly are used to
demonstrate that the NLMS program can produce satisfactory results. The
computations herein were intendedfor illustrative purposes only. It is our
intention to apply NL MS methods to more difficult problems. We intend to
develop criteria to determine how good NLMS methods are. These will be
reported separately.

The NLMS package requires the user to guess an initial step size h.
However, the package is 'robust'; it determines the most favorable step size
for rapid computation. Experience indicates that less total computation time
results if h is chosen too small, rather than too large.

I a large, stiff system is to be solved with the variable-step-size

technique, an eigenvalue-eigenvector technique such as EISPACK is recommend-
ed to replace PADE. This can save a large amount of computation time.
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